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Abstract. In this article we introduce and study the lacunary arithmetic convergent
sequence space ACθ. Using the idea of strong Cesa`ro summable sequence and arithmetic
convergence we define ACσ1 and study the relations between ACθ and ACσ1 . Finally
using modulus function we define ACθ(f) and study some interesting results.
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1. Introduction
Throughout, N, R and C will denote the set of natural, real and complex numbers,
respectively and x = (xk) denotes a sequence whose k
th term is xk. Similarly w, c, ℓ∞, ℓ1
denotes the space of all, convergent, bounded, absolutely summable sequences of complex
terms, respectively.
We use the symbol < m, n > to denote the greatest common divisor of two integers m
and n.
W.H.Ruckle [11], introduced the notions arithmetic convergence as a sequence x = (xm) is
called arithmetically convergent if for each ε > 0 there is an integer n such that for every
integer m we have |xm − x<m,n>| < ε. We denote the sequence space of all arithmetic
convergent sequence by AC. The studies on arithmetic convergence and related results
can be found in [11, 13, 14, 15, 16].
The notion of a modulus function was introduced in 1953 by Nakano [9]. We recall
[7, 10] that a modulus f is a function f : [0,∞)→ [0,∞) such that
(i) f(x) = 0 if and only if x = 0,
(ii) f(x+ y) ≤ f(x) + f(y) for all x ≥ 0, y ≥ 0,
(iii) f is increasing,
(iv) f is continuous from the right at 0.
Because of (ii), |f(x)−f(y)| ≤ f(|x−y|) so that in view of (iv), f is continuous everywhere
on [0,∞). A modulus may be unbounded (for example, f(x) = xp, 0 < p ≤ 1) or bounded
(for example, f(x) = x
1+x
).
It is easy to see that f1+ f2 is a modulus function when f1 and f2 are modulus functions,
and that the function fi(i is a positive integer), the composition of a modulus function f
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2with itself i times, is also a modulus function.
Ruckle [12] used the idea of a modulus function f to construct a class of FK spaces
X(f) =
{






The space X(f) is closely related to the space l1 which is an X(f) space with f(x) = x
for all real x ≥ 0. Thus Ruckle [12] proved that, for any modulus f, X(f) ⊂ l1. The space
X(f) is a Banach space with respect to the norm ‖x‖ =
∑∞
k=1 f (|xk|) <∞.
Spaces of the type X(f) are a special case of the spaces structured by Gramsch in [6].
By a lacunary sequence we mean an increasing integer sequence θ = (kr) such that
hr = kr − kr−1 → ∞ as r → ∞. In this paper the intervals determined by θ will be
denoted by Ir = (kr−1, kr] and also the ratio
kr
kr−1
, r ≥ 1, k0 6= 0 will be denoted by qr.
The space of lacunary convergence sequence Nθ was defined by Freedman [3] as follows:
Nθ =
{






|xi − l| = 0 for some l
}
.








The notion of lacunary convergence has been investigated by C¸olak [2], Fridy and Orhan
[4, 5], Tripathy and Et [17] and many others in the recent past.
The main purpose of this paper is to introduce and study the concept of lacunary
arithmetic convergence.
2. Lacunary Arithmetic Convergence










|xm − x<m,n>| = 0 for some integer n
}
.
Theorem 2.1. The sequence space ACθ is linear.













|ym − y<m,n>| = 0.


















which implies that αxm + βym → αx<m,n> + βy<m,n>.
Hence ACθ is linear. 
3Theorem 2.2. If (xm) is a sequence in AC then (xm) is a sequence in ACθ.
Proof. Let (xm) be a sequence in AC. Then for ε > 0 there is an integer n such that
|xm − x<m,n>| < ε.





















Thus (xm) ∈ ACθ. 
Definition 2.3. [3] Let θ = (kr) be a lacunary sequence. A lacunary refinement of θ is a
lacunary sequence θ′ = (k′r) satisfying (kr) ⊆ (k
′
r).
Theorem 2.4. If θ′ is a lacunary refinement of a lacunary sequence θ and (xm) ∈ ACθ′
then ACθ.










r,2 < . . . < k
′
η,η(r) = kr,







Since (kr) ⊆ (k
′
r), so r, η(r) ≥ 1.
Let (I∗)∞j=1 be the sequence of interval (I
∗
r,t) ordered by increasing right end points. Since





|xm − x<m,n>| < ε.

















|xm − x<m,n>| < ε.
This implies (xm) ∈ ACθ. 
Based on the idea of strongly Cesa`ro summable sequences and arithmetic convergent
sequences, we introduce a new sequence space ACσ1 defined as follows:
ACσ1 =
{





|xm − x<m,n>| → 0 as t→∞
}
.
Functional analytic studies of the space |σ1| of strongly Cesa`ro summable sequences, and
other closely related spaces can be found in [1, 8].
In this section we shall mostly focus on the connection between the spaces ACθ and ACσ1 .
Theorem 2.5. The sequence space ACσ1 is a linear space.
Proof. The proof is a routine exercise and hence ommited. 
Theorem 2.6. Let θ = (kr) be a lacunary sequence. If lim inf qr > 1 then ACσ1 ⊆ ACθ.







































which proves that (xm) ∈ ACθ. 
Theorem 2.7. For lim sup qr <∞, we have ACθ ⊆ ACσ1 .
Proof. Let lim sup qr <∞ then there exists K > 0 such that qr < K for every r. Now for






|xm − x<m,n>| < ε.





























































from which we deduce that (xm) ∈ ACσ1 . 
The following corollary follows from Threoms 2.6 and 2.7.
Corollary 2.8. If 1 < lim inf qr ≤ lim sup qr <∞, then ACθ = ACσ1.
5Next we introduce the lacunary arithmetic convergent sequence space ACθ(f) defined
by modulus function f .
Let f be a modulus function. We define
ACθ(f) =
{





f(|xm − x<m,n>|)→ 0 as r →∞
}
.
Note that if we put f(x) = x, then ACθ(f) = ACθ.
Theorem 2.9. The sequence space ACθ(f) is a linear space.










f(|ym − y<m,n>|)→ 0 as r →∞.


















→ 0 as r →∞
which implies that αxm + βym → αx<m,n> + βy<m,n> in ACθ(f).
Hence ACθ(f) is linear. 
Proposition 2.10. [10] Let f be a modulus and let 0 < δ < 1. Then for each x ≥ δ, we
have f(x) ≤ 2f(1)δ−1x.
Theorem 2.11. Let f be any modulus such that limt→∞
f(t)
t
= β > 0 then ACθ(f) = ACθ.






|xm − x<m,n>| → 0 as r →∞.
























−1τr, using (Proposition 2.10)
→ 0 as r →∞.
Therefore (xm) ∈ ACθ(f).
Till this part of the proof we do need β > 0. Now let β > 0 and let (xm) ∈ ACθ(f). Since
β > 0, we have f(t) ≥ βt ∀t ≥ 0. Hence it follows that (xm) ∈ ACθ. 
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